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Abstract. For a sequence of integral type operators involving q-integers we study its uniform
convergence inC Œ0;1 and estimate the rate of convergence with the aid of modulus of continuity.
As applications we obtain quantitative estimates for old and new q-parametric operators.
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1. INTRODUCTION
The study of q-parametric operators was initiated by Lupas¸ [8] and Phillips [14].
The so-called q-Bernstein operators were introduced by Phillips in 1997 (see [14])
and they mean another generalization of the well-known Bernstein operators [4]
based on q-integers. Nowadays, q-Bernstein operators form an area of an intens-
ive research. A survey of the obtained main results and references in this area during
the first decade of study can be found in [12]. Different type of q-integral operators,
q-Bernstein type integral operators and q-summation-integral operators were studied
in [3].
The goal of the paper is to define a sequence of general q-integral type operat-
ors involving q-integers which approximate each continuous function on Œ0;1 in the
uniform norm. The rate of convergence will be estimated by the modulus of continu-
ity. As special cases we recover some q-Bernstein type operators and q-Bernstein
type integral operators, respectively. For these operators we also obtain quantitative
estimations.
To present our operators we recall some basic definitions and notations of quantum
calculus (see [7]). For any q > 0 and any non-negative integer n; the q-integers Œnq
and the q-factorials ŒnqŠ are defined by Œ0q D 0;
Œnq D

1CqC : : :Cqn 1; if q ¤ 1
n; if q D 1





Œ1qŒ2q : : : Œnq; if n 1
1; if nD 0:








For x 2 Œ0;1 and m non-negative integer, we set
.1 x/mq D

.1 x/.1 qx/ : : : .1 qm 1x/; if m 1
1; if mD 0:
Let 0 < b; 0 < q < 1 and f a real-valued function. The q-Jackson integral of f
over the interval Œ0;b is defined byZ b
0
f .t/dqt D .1 q/b
1X
jD0
f .bqj /qj : (1.1)
On the general interval Œa;b the q-Jackson integral is not appropriate to derive the
q-analogues of some well-known integral inequalities. For this reason we consider
the Riemann type q-integral defined as follows (see [6, 10]):Z b
a
f .t/dRq t D .1 q/.b a/
1X
jD0
f .aC .b a/qj /qj ; (1.2)
where 0  a < b and 0 < q < 1: If a D 0 in (1.2) then we recover the q-Jackson
integral given by (1.1).
For n 2 f1;2; : : :g; 0 < q < 1; r;r 0 2 f0;1;2; : : :g; f 2 C Œ0;1C r 0 and x 2 Œ0;1;
















f .u.n;k;q/C tv.n;k;q//dRq t;
where 0  a.n;k;r;q/ < b.n;k;r;q/  1C r 0; u.n;k;q/  0; v.n;k;q/  0 and
u.n;k;q/Cb.n;k;r;q/v.n;k;q/ 1Cr 0 for all k 2 f0;1; : : : ;nCr 0g:With the nota-
tion gn;k;r;q.t/D u.n;k;q/C tv.n;k;q/; t 2 Œa.n;k;r;q/;b.n;k;r;q/ Œ0;1C r 0;
we have for f 2 C Œ0;1 C r 0 that there exists M D M.f / > 0 such that
jf .gn;k;r;q.t//j  M for t 2 Œ0;1 C r 0: Hence, in view of (1.3), (1.2) and
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0 a.n;k;r;q/C .b.n;k;r;q/ a.n;k;r;q//qj  1C r 0 for j D 0;1;2; : : : ; we get










































for all x 2 Œ0;1 (see [14, (13)]). In conclusion the operators (1.3) are well-defined
for all continuous functions f on the interval Œ0;1C r 0:
In what follows we study the uniform convergence of Lr;r
0
n;q .f Ix/ to f .x/ in
x 2 Œ0;1 as n!1: The rate of convergence will be estimated with the aid of the
modulus of continuity of f 2 C Œ0;1C r 0 defined by
!.f Iı/D supfjf .x/ f .y/j W x;y 2 Œ0;1C r 0; jx yj  ıg; ı > 0: (1.4)
For particular cases of a.n;k;r;q/; b.n;k;r;q/; u.n;k;q/ and v.n;k;q/ we recover
some known operators (see [1, 2, 5, 9, 11, 13–15]), and we may introduce some new
integral type operators. As applications we give quantitative estimations for these
operators using (1.4).
2. MAIN RESULTS
Theorem 1. Let Lr;r
0
n;qn.f Ix/ be defined by (1.3), where n 2 and qn 2 .0;1/ such























hold true for all k 2 f0;1; : : : ;nC r 0g; then Lr;r 0n;qn.f Ix/ converges uniformly to f .x/
with respect x 2 Œ0;1 as n!1:
Proof. In view of Korovkin’s theorem we have to prove that Lr;r
0
n;qn.ei Ix/ con-
verges uniformly to ei .x/ in x 2 Œ0;1 as n!1; where ei .x/D xi ; x 2 Œ0;1 and
i 2 f0;1;2g:




























D BnCr 0;qn.e0Ix/D e0.x/: (2.1)

















































If qn! 1 as n!1 then Œnqn !1 as n!1: Thus, by (2.4), Lr;r
0
n;qn.e1Ix/ con-
verges uniformly to e1.x/ in x 2 Œ0;1 as n!1:















































we get, in view of (1.3), (2.5), .i i/ and (2.6), that






























Hence, because of Œnqn !1 as n!1; we find that Lr;r
0
n;qn.e2Ix/ converges uni-
formly to e2.x/ in x 2 Œ0;1 as n!1: This completes the proof of the theorem. 
Theorem 2. Let Lr;r
0
n;qn.f Ix/ and qn; n 2; be defined as in Theorem 1 satisfying
the conditions .i/ and .i i/: Then
jLr;r 0n;qn.f Ix/ f .x/j  f1C
p
2C1CC2g!.f I Œn 1=2qn /
for all f 2 C Œ0;1C r 0 and x 2 Œ0;1:
Proof. Taking into account (1.4), we have
jf .u.n;k;qn/C tv.n;k;qn// f .x/j
 !.f I ju.n;k;qn/C tv.n;k;qn/ xj/
 f1C ı 1ju.n;k;qn/C tv.n;k;qn/ xjg!.f Iı/:
Hence, by (2.1) and Ho¨lder’s inequality,













































































































Hence, in view of (2.7), (2.3), (2.6) and (2.1),



































Choosing ı D Œn 1=2qn ; we arrive at the required estimate. 
3. APPLICATIONS
In this section we apply the main results for some q-Bernstein type operators and
q-Bernstein type integral operators. This means that we have to verify the condi-
tions of Theorem 1, and apply Theorem 2 to obtain quantitative estimates for these
operators.
1) In [2] the following operators are introduced:














where f 2 C Œ0;1C p; 0 < q < 1; 0  ˛  ˇ; x 2 Œ0;1: Using the notations
r 0 D p; a.n;k;r;q/ D 0; b.n;k;r;q/ D 1; u.n;k;q/ D ŒkqC˛
ŒnqCˇ ; v.n;k;q/ D 0 for
k D 0;1; : : : ;nCp; we obtain Lr;r 0n;q .f Ix/D S .˛;ˇ/n;p .f Iq;x/:Moreover, if ˛D ˇD 0














(see [11]), while for ˛D ˇD pD 0 we recover the q-Bernstein operators introduced
by Phillips [14].
Now, we verify the conditions of Theorem 1:





















Cqn  2 (3.1)


























































































Then, by Theorem 2 with C1 D ˛CˇCp and C2 D .˛CpC 2/.˛CˇCp/C 2;
we have
jS .˛;ˇ/n;p .f Iq;x/ f .x/j  f1C
p
.˛CˇCp/.˛CpC4/C2g!.f I Œn 1=2qn /:





















where f 2 C Œ0;1 C p; 0 < q < 1; x 2 Œ0;1: Using the notations r 0 D p;
a.n;k;r;q/ D 0; b.n;k;r;q/ D 1; u.n;k;q/ D Œkq
ŒnC1q ; v.n;k;q/ D
1C.q 1/Œkq
ŒnC1q for
k D 0;1; : : : ;nCp; we obtain Lr;r 0n;q .f Ix/DKpn .f Iq;x/: For p D 0 we recover the
operators Bn;q.f;x/ of [9].
We verify the conditions of Theorem 1:
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.i/ for k D 0;1; : : : ;nCp we haveˇˇˇˇ
ˇ ŒkqnŒnC1qn C 1C .qn 1/ŒkqnŒnC1qn 11Cqn   ŒkqnŒnCpqn
ˇˇˇˇ
ˇ





















































































































For C1 D pC2 and C2 D p2C5pC7; we have, by Theorem 2,
jKpn .f Iq;x/ f .x/j  f1C
q
p2C7pC11g!.f I Œn 1=2qn /:
3) Recently, in [1] the following operators were introduced:














where f 2 C Œ0;1Cp; 0 < q < 1; x 2 Œ0;1: When p D 0 we recover the oper-
ators Bn .f Iq;x/ studied in [5]. Using the notations r 0 D p; a.n;k;r;q/D ŒkqŒnC1q ;
b.n;k;r;q/D ŒkC1q
ŒnC1q ; u.n;k;q/D 0; v.n;k;q/D 1 for kD 0;1; : : : ;nCp;we obtain
L
r;r 0
n;q .f Ix/DKn;p.f Iq;x/:
Analogously to the previous two cases, and taking into account Theorem 2, we
find that
jKn;p.f Iq;x/ f .x/j  f1C
q
p2C7pC11g!.f I Œn 1=2qn /:
In what follows we introduce some new q-Bernstein type integral operators.
4) For f 2 C Œ0;1; 0 < q < 1; x 2 Œ0;1; p 2 f0;1;2; : : :g; we consider the operators

















ŒnCpC1q ; u.n;k;q/D 0; v.n;k;q/D 1 for
k D 0;1; : : : ;n; we have Lr;r 0n;q .f Ix/D U pn .f Iq;x/:
We verify the conditions of Theorem 1 as follows:
.i/ for k D 0;1; : : : ;n we haveˇˇˇˇ













































































































Hence, by Theorem 2,
jU pn .f Iq;x/ f .x/j  f1C
p
8pC11g!.f I Œn 1=2qn /:
5) For f 2 C Œ0;1C p; p 2 f0;1;2; : : :g; 0 < q < 1; x 2 Œ0;1; we introduce the
operators



























We set r 0 D p;










u.n;k;q/D 0; v.n;k;q/D 1; for k D 1;2; : : : ;nCp 1I
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Then Lr;r
0
n;q .f Ix/ D V pn .f Iq;x/: In what follows, we verify the conditions of The-
orem 1.
.i/ for k D 0 it is obvious; for k D 1;2; : : : ;nCp 1 we haveˇˇˇˇ
ˇ ŒkqnŒnqn   1Œn2q C 2Œn2q 11Cqn   ŒkqnŒnCpqn
ˇˇˇˇ
ˇ







and for k D nCp we haveˇˇˇˇ
ˇ ŒnCpqnŒnqn   ŒnCpqnŒnCpqn
ˇˇˇˇ

















































































































































Choosing C1 D pC3 and C2 D p2C7pC12; we have, in view of Theorem 2, that
jV pn .f Iq;x/ f .x/j  f1C
q
p2C9pC18g!.f I Œn 1=2qn /:
6) Analogously, for















where f 2 C Œ0;1Cp; p 2 f0;1;2; : : :g; 0 < q < 1; x 2 Œ0;1; 0 ˛  ˇ; we have
jW pn .f Iq;x/ f .x/j  f1C
p
c.p;˛;ˇ/g!.f I Œn 1=2qn /;
where c.p;˛;ˇ/D .˛CpC1/.˛C1/C .˛CˇCpC4/.ˇC1/.pC1/C3˛C2:
7) Finally, we consider the operators














where f 2 C Œ0;1; 0 < q < 1; x 2 Œ0;1: For p D 0 we recover the operators studied
in [15]. Then, by Theorem 2, we have
j NKpn .f Iq;x/ f .x/j  f1C
q
p2C7pC11g!.f I Œn 1=2qn /:
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